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computing tree amplitudes and was shown to coincide with the standard RNS prescription. 
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1. Introduction 

The computation of multiloop amplitudes in superstring theory has many important 
applications such as verifying perturbative finiteness and testing duality conjectures. Nev- 
ertheless, this subject has received little attention over the last fifteen years, mainly because 
of difficulties in computing multiloop amplitudes using either the Ramond-Neveu-Schwarz 
(RNS) or Green-Schwarz (GS) formalism. 

In the RNS formalism, spacetime supersymmetric amplitudes are obtained after sum- 
ming over spin structures, which can be done explicitly only when the number of loops and 
external states is small [^ . Since there are divergences near the boundary of moduli space 
before summing over spin structures, surface terms in the amplitude expressions need to 
be treated with care 0] . Furthermore, the complicated nature of the Ramond 
vertex operator in the RNS formalism [^ makes it difficult to compute amplitudes involv- 
ing external fermions or Ramond-Ramond bosons. For these reasons, up to now, explicit 
multiloop computations in the RNS formalism have been limited to four-point two-loop 
amplitudes involving external Neveu-Schwarz bosons 0[H-° 

In the GS formalism, spacetime supersymmetry is manifest but one needs to fix light- 
cone gauge and introduce non-covariant operators at the interaction points of the Man- 



delstam string diagram0[0|jTT[]. Because of complications caused by these non-covariant 



interaction point operators |jT^, explicit amplitude expressions have been computed using 



the light-cone GS formalism only for four-point tree and one-loop amplitudes 0.EI 

Four years ago, a new formalism for the superstring was proposed [^ |]T^ with mani- 
fest ten-dimensional super-Poincare covariance. In conformal gauge, the worldsheet action 
is quadratic and physical states are defined using a BRST operator constructed from su- 
perspace matter variables and a pure spinor ghost variable. A super-Poincare covariant 
prescription was given for computing A^-point tree amplitudes, which was later shown to 



coincide with the standard RNS prescription [|T6[[0. It was also proven that the BRST 



cohomology reproduces the correct superstring spectrum [|I8[ and that BRST invariance in 



Danilov [^ has claimed to be able to compute RNS amplitudes for arbitrary genus, however, 
this author has been unable to understand his methods. 

Although multiloop GS expressions were obtained by Restuccia and Taylor in [13|, this 



author does not think that they correctly took into account the contact terms between interaction- 



point operators. Note that the A^-point tree amplitudes proposed by Mandelstam in |11] were 



derived using unitarity arguments and were not directly computed from the GS formalism. 
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a curved supergravity background implies the low-energy superspace equations of motion 
for the background superfields [^ 



Because of the pure spinor constraint satisfied by the worldsheet ghosts, it was not 
known how to define functional integration in this formalism. For this reason, the tree 



amplitude prescription in [|I^ relied on BRST cohomology for defining the correct normal- 
ization of the worldsheet zero modes. Furthermore, there was no natural b ghost in this 
formalism, which made it difficult to define amplitudes in a worldsheet reparameterization- 
invariant manner. Because of these complications, it was not clear how to compute loop 
amplitudes using this formalism and other groups looked for ways of relaxing the pure 



spinor constraint without modifying the BRST cohomology [^ ||2^ |^^ [^ 

In this paper, it will be shown how to perform functional integration over the 
pure spinor ghostsQ by defining a Lorentz-invariant measure and introducing appropri- 
ate "picture-changing" operators.^ These picture-changing operators will then be used to 
construct a substitute for the b ghost in a non-zero picture. With these ingredients, it is 



straightforward to generalize the tree amplitude prescription of [Tj] to a super-Poincare 
covariant prescription for A^-point (/-loop amplitudes. So there is no need to relax the pure 
spinor constraint for the covariant computation of superstring amplitudes. 

The need for picture-changing operators^ in this formalism is not surprising since, 
like the bosonic (/3,7) ghosts in the RNS formalism 0, the pure spinor ghosts are chiral 



Some features of this functional integration method will appear in a separate paper with 
Sergei Cherkov |25]. 

Using the pure spinor version of the superparticle, Chesterman has recently considered super- 
particle states with non-standard boundary conditions for the pure spinor ghosts [23||24]. In in- 



dependent work which appeared last month [24|, Chesterman showed that these states are related 
to standard superparticle states by an operator V'-ii which plays the role of the picture-lowering 
operator described in this paper. 

Also, in independent work [P6| which was announced after a seminar on this paper, Grassi, 
Policastro and van Nieuwenhuizen used functional integration to define the measure factor in their 
quantization approach without pure spinors. It would be interesting to relate their functional 
integration method with the method described here. 

One can also use picture-changing operators to construct a cubic pure spinor version of open 
superstring field theory. However, as in the cubic RNS version of open superstring field theory 
1 27], the action is expected to have gauge-invariance anomalies due to picture-changing operators 



at the string midpoint [28|. It should be stressed that these anomalies in cubic superstring field 
theory are caused by the use of picture-changing operators in the presence of off-shell states and 
do not imply surface-term ambiguities in on-shell multiloop amplitudes. 



bosons with worldsheet zero modes. For (/-loop amplitudes, the use of standard "picture- 
zero" vertex operators implies that one needs to insert 11 "picture- lowering" operators 
and llg "picture-raising" operators to absorb the zero modes of the 11 pure spinor ghosts. 
As in the RNS formalism, the worldsheet derivatives of these picture-changing operators 
are BRST trivial so, up to possible surface terms, the amplitudes are independent of their 
locations on the worldsheet. But unlike the RNS formalism, there is no need to sum over 
spin structures, so there are no divergences at the boundary of moduli space and surface 
terms can be safely ignored in the loop amplitude computations. 

Although the explicit computation of arbitrary loop amplitudes is complicated, one 
can easily prove certain vanishing theorems by counting zero modes of the fermionic su- 
perspace variables. For example, S-duality of the Type IIB superstring implies that i?^ 
terms in the low-energy effective action receive no perturbative corections above one-loop 
||2U|| . After much effort, this was recently verified in the RNS formalism at two-loops [00- 
Using the formalism described here, this S-duality conjecture can be easily verified for all 
loops. 

Similarly, one can easily prove the non-renormalization theorem that massless Ap- 
point multiloop amplitudes vanish whenever A < 4. Assuming factorization, this non- 
renormalization theorem implies the absence of divergences near the boundary of moduli 
space @]0]. The boundary of moduli space includes two types of degenerate surfaces: 



surfaces where the radius i? of a handle shrinks to zero, and surfaces which split into two 
worldsheets connected by a thin tube. As explained in Q, the first type of degenerate 
surface does not lead to divergent amplitudes since, after including the log{R) dependence 
coming from integration over the loop momenta, the amplitude integrand diverges slower 
than 1/R. The second type of degenerate surface can lead to a divergent amplitude if 
there is an onshell state propagating along the thin tube between the two worldsheets. 
But when all external states are on one of the two worldsheets, vanishing of the one-point 
function implies the absence of this divergence. And when all but one of the external states 
are on one of the two worldsheets, vanishing of the two-point function implies the absence 
of this divergence. Finally, when there are at least two external states on each of the 
two worldsheets, the divergence can be removed by analytic continuation of the external 
momenta H . Note that vanishing of the three-point function is not required for finiteness. 



So if there are no unphysical divergences in the interior of moduh spaceQ, this non- 
renormahzation theorem imphes that superstring multiloop amplitudes are perturbatively 
finite. Previous attempts to prove this non-renormalization theorem using the RNS for- 



malism ||3^ were unsuccessful because they ignored unphysical poles of the spacetime 
supersymmetry currents and incorrectly assumed that the integrand of the scattering 
amplitude was spacetime supersymmetric. Using the GS formalism, there are arguments 
for the non-renormalization theorem ^3\, however, these arguments do not rule out the 



possibility of unphysical divergences in the interior of moduli space from contact term 



singularities between light-cone interaction point operators [jT2|. Mandelstam was able to 
overcome this obstacle and prove finiteness ||31|] by combining different features of the RNS 
and GS formalisms. However, the finiteness proof here is more direct than the proof of 



31j] since it is derived from a single formalism. 

r rmti ^^ 



In section 2 of this paper, the super- Poincare invariant pure spinor formalism of \T^ 
reviewed. The first subsection reviews the worldsheet action for the Green-Schwarz-Siegel 
matter variables and the OPE's for the pure spinor ghosts. The second subsection reviews 
the BRST operator and shows how physical states are described by the BRST cohomology. 
The third subsection reviews the computation of tree amplitudes using a measure factor 
determined by cohomology arguments. 

In section 3, functional integration over the pure spinor ghosts is defined with the 
help of picture-changing operators. The first subsection shows how to define Lorentz- 
invariant measure factors for integration over the pure spinor ghosts and their conjugate 
momenta. The second subsection introduces picture-raising and picture-lowering operators 
which are necessary for functional integration over the bosonic ghosts. The third subsection 
shows that by inserting picture-lowering operators, the tree amplitudes of section 2 can be 
computed using standard functional integration techniques. 

In section 4, a composite b ghost is defined by requiring that the BRST variation of 
the b ghost is a picture-raised version of the stress tensor. The first subsection introduces 
a chain of operators of +2 conformal weight which are useful for explicitly constructing 
the b ghost. The second subsection shows how the various terms in the composite b ghost 
can be expressed in terms of these operators. 



In light-cone gauge, unphysical divergences in the interior of moduli space could come from 
singularities between colliding interaction points ||T^[31|. In conformal gauge, there are no ob- 
vious potential sources for these unphysical divergences in the interior of moduli space since the 
amplitudes are independent (up to surface terms) of the locations of picture-changing operators. 



In section 5, a super- Poincare covariant prescription is given for A^-point g-loop am- 
plitudes. The partition function for the matter and ghost variables precisely cancel in this 
prescription, so one only needs to compute correlation functions. The first and second 
subsections show how to compute correlation functions for the matter and ghost variables 
by separating off the zero modes and using the free-field OPE's to functionally integrate 
over the non-zero modes. The third subsection shows how to integrate over the zero modes 
using the measure factor defined in section 3 for the pure spinor ghosts and their conjugate 
momenta. 

Finally, in section 6, the four-point one-loop amplitude is computed and certain van- 
ishing theorems are proven using the multiloop prescription. In the first subsection, the 
structure of Type II massless vertex operators is reviewed. In the second subsection, the 
non-renormalization theorem for less than four massless states is proven by zero-mode 
counting. In the third subsection, the four-point massless one-loop amplitude is explic- 
itly computed up to an overall constant. And in the fourth subsection, it is proven by 
zero-mode counting that the R^ term in the low-energy effective action does not receive 
perturbative corrections above one loop. 

2. Revie\v of Super-Poincare Covariant Pure Spinor Formalism 

2.1. Worldsheet action 

The worldsheet variables in the Type IIB version of this formalism include the Green- 
Schwarz-Siegel [0][^ matter variables {x"^ , 9°' , pa] ,p^) for m = to 9 and a = 1 to 



16, and the pure spinor ghost variables (A", w^; A , Wa) where A" and A are constrained 
to satisfy the pure spinor conditions 



tP 



A"(7"')a/?A^ = 0, A (7"^)«^A'' = (2.1) 

for ?7i = to 9. (7"^)q-/3 and (^"^)"^ are 16 x 16 symmetric matrices which are the off- 
diagonal blocks of the 32 x 32 ten-dimensional F-matrices and satisfy {'y^'^)cepil )'^'^ = 
2^mn^7 Pqj^ ^YiQ Type IIA version of the formalism, the chirality of the spinor indices 
on the right-moving variables is reversed, and for the heterotic version, the right-moving 
variables are the same as in the RNS formalism. 
In conformal gauge, the worldsheet action is 

S = f d^zi-^dx^'dxm - Pc^O'^ - Pc^dT + Wc^X" + Wc^dT] (2.2) 



where A" and A satisfy ( |2.1|) . The OPE's for the matter variables are easily computed to 
be 

x^{y)x^{z) -> -r?-- log \y - z\\ Pc.{y)e^{z) ^ {y ~ z)-'5^^, (2.3) 

however, the pure spinor constraint on A" prevents a direct computation of its OPE's 



with Wet- As discussed in |Tj], one can solve the pure spinor constraint and express A" 
in terms of eleven unconstrained free fields which manifestly preserve a U(5) subgroup of 
the (Wick-rotated) Lorentz group. Although the OPE's of the unconstrained variables are 
not manifestly Lorentz-covariant, all OPE computations involving A"^ can be expressed in 
a manifestly Lorentz-covariant manner. So the non-covariant unconstrained description of 
pure spinors is useful only for verifying certain coefficients in the Lorentz-covariant OPE's. 
Because of the pure spinor constraint on A", the worldsheet variables Wq, contain the 
gauge invariance 

5u;a=A"^(7^A)a, (2.4) 

so 5 of the 16 components of Wa can be gauged away. To preserve this gauge invariance, 
Woi can only appear in the gauge-invariant combinations 

Nmn = Iw^hn^nTpX^. J = W^X" , (2.5) 



which are the Lorentz currents and ghost current. As shown in [^ and |jT^ using either 



the U(5) or S0(8) unconstrained descriptions of pure spinorga, Nmn and J satisfy the 
Lorentz-covariant OPE's 

iVmn(2/)A"(z) ^ ^{y - z)-\jmnXr. Jiy)X"{z) ^ (y - ^)-U^ (2.6) 

N^\y)N"'''{z) -^ -3{y - z)-2(?7"[V^'^) + iv - ^)"^(??'"t^Ar^^" - r^'I^A^'^l"^), 

Jiy)Jiz) ^ -4{y - z)-\ Jiy)N^^iz) ^ regular, 

Nmn{y)nz) ^{y- z)-^NmM, Jiy)T{z) ^ -8{y ~ z)-^ + {y - z)-^J{z), 

where 

T = -]-dx'^dxm-Pc,de'^+Wo,dX'^ (2.7) 



In reference [18| for the S0(8) description, the ghost current J was not discussed. In terms 
of the SO(8)-covariant variables of [|l8|, J = -26c + s^r" - 2 Y.T=o\.'^'"U)^U) + (^ + |)4")"f")]- 
Using the summation method described in p8|, it is straightforward to check that J satisfies the 
OPE's described here. 

6 



is the left-moving stress tensor. From the OPE's of (|2.6| ), one sees that the pure 
spinor condition imphes that the levels for the Lorentz and ghost currents are —3 and 
—4, and that the ghost-number anomaly is —8. Note that the total Lorentz current 
]\^mn _ _i^p^mn0^ _^ jymn j^g^g }gyg[ /^ = 4 _ 3 = 1^ which coiucides with the level of 

the RNS Lorentz current M"^" = t/j'^t/;'^. The ghost-number anomaly of —8 will be related 
in section 3 to the pure spinor measure factor. 

The stress tensor of (|2.7|) has no central charge since the (-flO — 32) contribution from 
the (x"^, 6°", Pa) variables is cancelled by the -|-22 contribution from the eleven independent 
(A", Wa) variables. From its OPE's with N^an and J, one learns that the stress tensor can 
be expressed in Sugawara form asB 

T = -\dx^dxm -Pc.de^' + ^ : N^^Nmn ■■-\-JJ- +dJ (2.8) 

Z iU o 

where the level —3 S0(9,l) current algebra contributes —27 to the central charge and the 
ghost current J contributes -|-49. 

2.2. Physical states 

Physical open string states in this formalism are defined as super-Poincare covariant 
states of ghost-number +1 in the cohomology of the nilpotent BRST-like operator 



Q= (t A"d« (2.9) 

where 

dc.=Pc.- l^^f.ef'dxm - l^^fsim ^sO^ewe' (2.10) 



is the supersymmetric Green-Schwarz constraint. As shown by Siegel |]3^, dot satisfies the 
OPE's 

dM)d^i^) - -{y - ^)-Wr/^n^, dot{y)W^{z) ^{y- zr^^^^dOf^iz), (2.11) 

do,iy)d6^{z) ^{y- z)-^5i, W-{y)ir{z) ^ -{y - z)-^r^^^, 
where W^ = dx^ + ^O'j'^dO is the supersymmetric momentum and 

Qc = fiPc + l^^pO^dx^ + ^7^/37m ^se^ewe') (2.12) 



There is a typo in the sign of the dJ term in references [17| and [15|. 



is the supersymmetric generator satisfying 

{qc.,qp} = 1^pfdx^, [q^,U^{z)]=0, {q^,df3{z)} = 0. (2.13) 

To compute the massless spectrum of the open superstringH^, note that the most 
general vertex operator with zero conformal weight at zero momentum and +1 ghost- 
number is 

V = X'^A^{x,0), (2.14) 

where Aq,(x, 9) is a spinor superfield depending only on the worldsheet zero modes of x"^ 
and 9". Using the OPE that d^iy) f{x{z),e{z)) -* (y - z)-^D^f where 



D^ 



« = J^ + Id'l^^pdm (2.15) 



is the supersymmetric derivative, one can easily check that QV = and 5V = QA implies 
that Aa{x,9) must satisfy X^X^D^Ap = with the gauge invariance 5Ao, = -DqA. But 
X'^X^Do.Ap = implies that 

D^Af3 + DpA^ = ^"^pAm (2. 16) 

for some vector superfield Am with the gauge transformations 

Ma = D^K, 5Am = dmA. (2.17) 

In components, one can use ( p.l6| ) and ( |2.17| ) to gauge A^ and Am to the form 

A^{x, 9) = e'^-^(^-am{l'^9)^ - I {^^^9) {^--9)^ + ...), (2.18) 

Am{x,9)=e'''-^{am + {^l'^9) + ...), 

where k"^ = k'^ttm = k'^ilmOa = 0, and ... involves products of km with am or ^". So 
( ^.16| ) and ( |2.17D are the equations of motion and gauge invariances of the ten-dimensional 
super-Maxwell multiplet, and the cohomology at ghost- number -|-1 of Q correctly describes 
the massless spectrum of the open superstring [l36 |. 



To compute the massive spectrum, one needs to consider the cohomology of vertex 
operators which have non-zero conformal weight at zero momentum. This was done with 



Chandia in jS^] for the massive spin-two multiplet and gave for the first time its equations 



Massless vertex operators for the closed superstring will be reviewed in subsection (6.1). 



of motion in ten-dimensional superspace. To prove that the cohomology of Q reproduces 
the superstring spectrum at arbitrary mass level, the SO(8)-covariant description was used 
in [|18| to solve the pure spinor constraint, and the resulting BRST cohomology was shown 
to be equivalent to the light-cone GS spectrum. 

In addition to describing the spacetime fields at ghost- number -(-1, the cohomology of 
Q can also be used to describe the spacetime ghosts at ghost-number zero, the spacetime 



antifields at ghost-number -|-2, and the spacetime antighosts at ghost-number 4-3 ||38|| [p9 
For example, the super- Yang-Mills ghost at ghost-number zero is described by the vertex 
operator V = K, the super- Yang-Mills antifields at ghost-number two are described by the 
vertex operator V = A"A^A*^(x, ^), and the Yang-Mills antighost at ghost- number three 
is described by the vertex operator V = {\'^'^6){\'-y'^6){\'-y^6){6'-yrnnp0)- As was shown in 
p9[1 , the conditions QV = and dV = QK imply the correct equations of motion and 
gauge invariances for these ghosts, antifields and antighosts. 

2.3. Tree-level prescription 

As in the bosonic string, the prescription for A^-point open string tree amplitudes in 
this formalism requires three dimension-zero vertex operators V and A^ — 3 dimension- 
one vertex operators U which are integrated over the real line. Normally, one defines the 
dimension-one vertex operators by U{z) = {f b,V{z)} where b{z) is the dimension-two 
field satisfying {Q,b{z)} = T{z). Since QV = Q and [§T,V{z)] = dV{z), this relation 
implies that QU = dV. 

In this formalism of the superstring, there are no states of negative ghost number 
since the variable Wq, can only appear through the ghost-number zero operators Nmn and 
J. So one cannot construct a b ghost satisfying {Q, b} = T. Nevertheless, since there is 
no BRST cohomology for unintegrated dimension-one operators, one is guaranteed that 
QV = implies that dV can be written as QU for some U. For example, for the super- 
Maxwell vertex operator V = A"Aq,, one can check that 

U = a^"A„(x, 9) + W^A^ix, 6) + d^W^ix, 6) + -A^"^'"J^^„(x, 6) (2.19) 

satisfies QU = 9(A"Aq) where Am = ^D^'-f^Ap is the vector gauge superfield, W^ = 
jQ'fm^iDc.A'^ — d'^Aa) is the spinor superfield strength, and Tmn = ^Da{'jrnn)°'pW^ = 
d[mAn] is the vector superfield strength. 



In reference WM , open string tree amplitudes were defined by the correlation function 



A={ Viizi) V2{Z2) 1^3(^3) j dzJJ^iz^)... j dZNUN{zN) )■ (2.20) 



To compute this correlation function, the OPE's of ( |2.6| ) and ( |2.11| ) were used to perform 
the functional integration over the non-zero modes of the worldsheet variables. Since Nmn, 
J and da are fields of +1 conformal weight with no zero modes on a sphere, the dependence 
of the correlation function on their locations is completely determined by the singularities 
in their OPE's. For example, the OPE's of doi{z) imply thatliil 



{daiz)U^iu)de''{v)d^iw)As{xiy), 6iy))) = 

lZ(^-u)-'{de^{u)de^{v)d^{w)As{x{y),e{y))) 

+S^M-v)-^{U"^{u)d^iw)As{x{y),9{y))) 

+-f2^{z-w)-\U^{u)d9^{v)U'^{w)As{x{y),9{y))) 

+{z-y)-'{U^iu)de^iv)d^{w)DaAsixiy),eiy))). 

And the OPE's of Nmniz) imply that 



:2.2i) 



(2.22) 



{Nmn{z)Np,{u)X"{v)Xf{w)X^{y)) = 

-3{z - u)-\[mVn]p{X''iv)X^{w)X^iy)) 
+ \{z - v)-HN^,{u){^^^X{v)rXl'{w)X''{y)) 

+ 1 (^ - w)-\Np,{u)X'^{v){^^^X{w)fX'^{y)) 

+ l{z-y)-^^N,,{u)X^{v)XP{w){^r^^X{y)y). 

After using their OPE's to remove all N^nS, J's and d^s from the correlation func- 
tion, one can replace all remaining A" and 9°^ variables by their zero modes. But since it 
was not known how to perform the functional integration over the remaining zero modes of 



To keep supersyinmetry manifest, it is convenient to use the OPE's of ( |2.11 ) for da instead 



of using the free- field OPE's of (2^) for pa- 
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the worldsheet scalars A" and ^", an ansatz had to be used for deciding which zero modes 
of A" and 9^ need to be present for non- vanishing amphtudes. 

For tree amphtudes in bosonic string theory, the zero-mode prescription coming from 
functional integration is 

{cdcd^c) = l (2.23) 

where c is the worldsheet ghost of dimension —1. Since cdcd^c is the vertex operator of +3 



ghost-number for the Yang-Mills antighost [38|, it is natural to use the ansatz that non- 



vanishing correlation functions in this formalism must also be proportional to the vertex 
operator for the Yang-Mills antighost. As discussed in the previous subsection, this vertex 
operator in the pure spinor formalism is 

V - (A7'-^)(A7'^^)(A7P^)(^7^„/), (2.24) 

which is the unique state in the BRST cohomology at +3 ghost-number. So the zero mode 
prescription for tree amplitudes in the pure spinor formalism is 

{{X-f'^9){XrO){X7''0){9-fmnp9)) = 1. (2.25) 

For later use, it will be convenient to write ( |2.24| ) as 

V = r^ic.,o.,c.,m5,s,5s6,6,]X'''X''-X''^9'^9'-9'^9'^9'^, (2.26) 

where 

^((aia2a3))[<5i52<535455] (2.27) 

is a constant Lorentz-invariant tensor and the notation ((cKia2Ct3))['^i<^2<^3<^4'^5] signifies 
that the tensor is symmetric and 7-matrix traceless (i.e. 7^^"^7((Q,^Q2a3))[(5i...55] = 0) in 
the first three indices, and antisymmetric in the last five indices. This tensor is uniquely 
defined up to rescaling and can be computed by starting with 7^i5i7a2<52^a353(7mnp)54<55, 
then symmetrizing in the a indices, antisymmetrizing in the 6 indices, and subtracting off 
the 7-matrix trace in the a indices. Similarly, one can define the tensor 

by starting with (7™')°^^^(7"')°^'^^(7^)"^'^^(7mnp)^'''^^ and following the same procedure. 

11 



Using the properties of spinors in ten dimensions, it will be possible to prove various 
identities satisfied by ^(aia2a3))[(5i 52535455]- -^°^ example, there are no Lorentz scalars which 
can be constructed out of four A's and four 0's, which implies that 



:S. 



'^((ai'^2a3a4))[5i52535455] "0 (2.29) 

and that 

-'((aia2a3))[5i52535455] T" '-'((aia2Cf3Q4))[5i52535405^] [2.60) 

for any tensor <S(^(^aia2a3a4))[5iS25354]- Furthermore, there are no Lorentz scalars which can 
be constructed out of two A's and six ^'s, which implies that 

'^(aia2a3))[5i52535455'^^g'] = (2.31) 

and that 

^((aia2a3))[5i52535455] T" "((aiQ!2Q3))['5i 5253545556] (2.32) 

for any tensor S^(^^^^^))[s^s253S4S5Se]- Finally, one can check that 
for any g, which implies that 

'^r(ai'^«2«3a4))[5i52535455 7|g]^ = 0- (2.33) 

Using (|2.25|) , the zero- mode prescription for tree amplitudes is 

(^(a,.2a3))[5,...55]A"^A°^A«3^^i..j55) = 1. 

In other words, suppose that A = {X°'X^X^ fap-yiO)) is the expression one gets after integrat- 
ing out the non-zero modes, where fap-y is some complicated function of the polarizations 
and momenta of the external states. Then the scattering amplitude is defined as 

^= (T-i)(("/^7))[5....^5]_^..._^;^^^(^). (2.34) 



Using this prescription and the identities of (|2.29| )-( p.33|) , it was shown in [T^] that on- 



shell tree amplitudes are gauge-invariant and supersymmetric. And it was shown in [1T6 | 
and [0 that this tree amplitude prescription agrees with the standard RNS prescription. 
However, it was unclear how to generalize this prescription to loop amplitudes since it was 
not derived from functional integration. In the next section, it will be shown how to use 
picture-changing operators to resolve this problem. 
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3. Functional Integration and Picture-Changing Operators 



As reviewed in section (2.1), the gauge invariance of ( p.4|) implies that pure spinor 
ghosts can only appear through the operators A", A^^n and J. Correlation functions for the 
non-zero modes of these operators are easily computed using the OPE's of (|2.6|) . However, 
after integrating out the non-zero worldsheet modes, one still has to functionally integrate 
over the worldsheet zero modes. Because A" has zero conformal weight and satisfies the 
pure spinor constraint 

A7'^A = 0, (3.1) 

A" has 11 independent zero modes on a genus g surface. And because Nmn and J have 
-\-l conformal weight and are defined from gauge-invariant combinations of Wq,, they have 
llg independent zero modes on a genus g surface. Note that ( p.l|) implies that Nmn = 
\{wimn^) and J — wX are related by the equation []37[| 



: A--A" : 7^a/3 - ^ ^ '^A" : ^^p = '^llpdX- (3-2) 

where the normal-ordered product is defined by : U'^{z)\°'{z) := § dy{y — z)~^U'^{y)\°'{z). 
(The coefficient of the 9A" term is determined by computing the double pole of the left- 
hand side of (^3) with J.) Just as (|3.1|) implies that all 16 components of A" can be 



expressed in terms of 11 components, equation (|3.2|) implies that all 45 components of 



A"'" can be expressed in terms of J and ten components of A'^ 



Because of the constraints of ( |3.1| ) and ( |3.2| ), it is not immediately obvious how to 
functionally integrate over the pure spinor ghosts. However, as will be shown in the 
following subsection, there is a natural Lorentz-invariant measure factor for the pure spinor 
ghosts which can be used to define functional integration. 

3.1. Measure factor for pure spinor ghosts 

A Lorentz-invariant measure factor for the A" zero modes can be obtained by noting 

that 

(cii^A)["i°2...«ii] = ^x'^i /\ ^x'^2 ^ ___ ^ ^x'^ii ^33^ 

satisfies the identity 
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because X^y'^dX = 0. Using the properties of pure spinors, this imphes that aU -^jj^ 
components of {d^^Xy°'^'"°'^^' are related to each other by a Lorentz-invariant measure 
factor [DX] of +8 ghost number which is defined by 

(rf"A)[---^] = [^A] (er)[^-^^;])A^^A^U^3 (3.5) 

where 

y^-' ^((/3l/32/33)) ~ ^((/3l/32/33))[ai2...ai6] 

and ( pl^ ) is imphed by ( |3.5| ) using the identity of (|2.33| ). In other words, for any choice of 
[«!... ctii], one can define the Lorentz-invariant measure [DX] by the formula 

[PA] = (rfi^A)[---^] [(er)[^-^^;])A^U^^A^3]-i^ (3.6) 



where there is no sum over [cti-.-ctn] in 

One can similarly construct a Lorentz-invariant measure factor for the N'^'^ and J 
zero modes from 



Using the constraint of (|3.2|) and keeping A" fixed while varying N"^^ and J, one finds 
that ( p.7|) satisfies the identity 

(A7^Ja(rf^^A^)f'"'''''^f"'"''^-'"''°'''°^^ =0. (3.8) 

Using the properties of pure spinors, this implies that all j^^ components of 

('^lljY')[[Tnini][m2n2]...[mionio]] 

are related to each other by a Lorentz-invariant measure factor [DN] of —8 ghost number 
which is defined by 

((^^rninirn2m3rn4^)(^^m5n5n2m6rn,^)(^^m8n8n3n6rno^)(^^mionion4nrnc,^)^pg^^^^^^jQ^g) 

where the permutations are antisymmetric under the exchange of rrij with Uj, and also 
antisymmetric under the exchange of [mjUj] with [mfcUfc]. Note that the index structure 



on the right-hand side of (|3.9| ) has been chosen such the expression is non- vanishing after 



summing over the permutations. 

14 



After using the OPE's of ( p.6| ) to integrate out the non-zero modes of the pure spinor 
ghosts on a genus g surface, one wiU obtain an expression 

A = (/(A, iVl, Jl, iV2, J2, ..., Ng, Jg)) (3.10) 

which only depends on the 11 worldsheet zero modes of A, and on the llg worldsheet zero 
modes of A^ and J . Using the Lorentz-invariant measure factors defined in (^]^) and ( |3.9|) , 
the natural definition for functional integration over these zero modes is 

A = f[VX][VNi][VN2]...[VNg]f{X, Ni, Ji, N2, J2, ..., Ng, Jg). (3.11) 

Note that with this definition, /(A, Ai, Ji, A2, J2, ..., A^, J^) must carry ghost number 
—8 + 8(7 to give a no n- vanishing functional integral, which agrees with the —8 ghost-number 
anomaly in the OPE of J with T. It will now be shown how the functional integral of 
( p.ll|) can be explicitly computed with the help of picture-changing operators. 

3.2. Picture- changing operators 

As is well-known from the work of Friedan-Martinec-Shenker [^ and Verlinde-Verlinde 
00, picture-changing operators are necessary in the RNS formalism because of the 
bosonic (/9, 7) ghosts. Since the picture-raising and picture-lowering operators involve the 
delta functions d{(3) and ^(7), insertion of these operators in loop amplitudes are needed 
to absorb the zero modes of the (/3, 7) ghosts on a genus g surface.ll^ Up to possible surface 
terms, the amplitudes are independent of the worldsheet positions of these operators since 
the worldsheet derivatives of the picture-changing operators are BRST-trivial. The surface 
terms come from pulling the BRST operator through the b ghosts to give total derivatives 
in the worldsheet moduli. If the correlation function diverges near the boundary of moduli 
space, these surface terms can give finite contributions which need to be treated carefully. 



In the RNS formalism, it is convenient to bosonize the (/3,7) ghosts as /? = d^e^'^ and 
7 = rje''' since the spacetime supersymmetry generator involves a spin field constructed for the 
chiral boson (f). The delta functions 5{P) and 5(7) can then be expressed in terms of (f) as S{P) = e**" 
and 5(7) = e^*". However, in the pure spinor formalism, there is no advantage to performing such 
a bosonization since all operators can be expressed directly in terms of A°, N"^^ and J. Since 
functional integration over the (j) chiral boson can give rise to unphysical poles in the correlation 
functions, the fact that all operators in the pure spinor formalism can be expressed in terms of 
(A°, TV™", J) implies that there are no unphysical poles in pure spinor correlation functions. 
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As will now be shown, functional integration over the bosonic ghosts in the pure spinor 
formalism also requires picture-changing operators with similar properties to those of the 
RNS formalism. However, since the correlation functions in this formalism do not diverge 
near the boundary of moduli space, there are no subtleties due to surface terms. 

To absorb the zero modes of A", Nmn and J, picture-changing operators in the pure 
spinor formalism will involve the delta-functions 5(Cq,A"), d{BmnN"^^) and S{J) where 
Cq. and Bjnn are constant spinors and antisymmetric tensors. Although these constant 
spinors and tensors are needed for the construction of picture-changing operators, it will 
be shown that scattering amplitudes are independent of the choice of Cq and Bmm so 
Lorentz invariance is preserved. As will be discussed later, this Lorentz invariance can 
be made manifest by integrating over all choices of Ca and Bmn- Note that the use of 
constant spinors and tensors in picture-changing operators is unrelated to the pure spinor 
constraint, and is necessary whenever the bosonic ghosts are not Lorentz scalars. 

As in the RNS formalism, the picture-changing operators will be BRST-invariant 
with the property that their worldsheet derivative is BRST-trivial. A "picture-lowering" 
operator Yc with these properties is 

Yc = C^e^'diCfsX^) (3.12) 

where Cq is any constant spinor. Note that QYc = {CoiX°')5{C/3X^) = and 

dYc = {Cd9)6{CX) + {Ce){CdX)d6{CX) = Q[{Cd9){C9)dS{CX)] (3.13) 

where d5{x) = -^5{x) is defined using the usual rules for derivatives of delta functions, 
e.g. xd5{x) = — 5(x)il^ 

Although Yc is not spacetime-supersymmetric, its supersymmetry variation is BRST- 
trivial since 

q^Yc = Ca(5(CA) = -Cc,{CX)d5{CX) = Q[-Cc,{Ce)d5{CX)]. (3.14) 

Similarly, Yc is not Lorentz invariant, but its Lorentz variation is BRST-trivial since 

^mny^ = 1 (C7™6')5(CA) + hc9){C-f'^''X)d6{CX) = Q[hc-f'^''9){C9)d6{CX)]. 

(3.15) 



Throughout this paper, the symbol d will denote the worldsheet derivative ^ except when 
d acts on a delta function. When acting on a delta function, d5{x) will denote ■g^5{x). 
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So different choices of C^ only change Yq by a BRST-trivial quantity, and any on-sheU 
amphtude computations involving insertions of Yq will be Lorentz invariant and spacetime 
supersymmetric up to possible surface terms. The fact that Lorentz invariance is preserved 
only up to surface terms is unrelated to the pure spinor constraint, and is caused by the 
bosonic ghosts not being Lorentz scalars. 

One can also construct BRST-invariant operators involving 5{B'^^Nmn) and 5{J) 
with the property that their worldsheet derivative is BRST-trivial. These "picture-raising" 
operators will be called Zb and Zj and are defined by 

Zb = ^Bmn{X7'^''d)d{BPmp,), Zj = (A"(i,)5(J), (3.16) 

where B^^ is a constant antisymmetric tensor. To eliminate the need for normal-ordering 
in Zb, it will be convenient to choose Bmn such that it satisfies 

Sr.nSp9(7"^"7^)a^ = 0. (3.17) 



(To give a concrete example, Bmn satisfies ( p.l7|) if its only non-zero components are in 



the directions S13 = zi?23 = — -B24 = iBi^.) With this choice, {X'y'^'^d)Bmn has no pole 
with BPiNpq, and therefore (A7""'"rf)S^„ has no pole with 5{BPiNpq). 

Since X'^da has a pole with 5(J), it naively appears that Zj needs to be regularized. 
However, A^c^q, is the BRST current which has no poles anywhere else on the surface. 
Since Zj will only be needed on surfaces of non-zero genus, and since any function with a 
single pole on such surfaces must be a constant function, X^'da has no pole with d{J) and 
therefore Zj does not need to be regularized. 

Zb and Zj satisfy the properties of picture-changing operators since 



2' 



QZb = —B^nBpq{X^'^^d){XY''d)d5{BN) - -BmrJip{X^'^''YX)5{BN) = 0, (3.18) 



QZj = (A«rf")(A^rf^)a5( J) - n^(A7"^A)5(J) = 0, 

dZB = ]^B^^d{X-^^^d)5{BN) -f ]^B^^{X^^^d)BpqdNP'id5{BN) = Q[Bp,dNP<i5{BN)l 

dZj = d{Xd)6{J) + {Xd)dJd6{J) = Q[-dJS{J)]. 

Furthermore, Zb and Zj are manifestly spacetime supersymmetric and the Lorentz trans- 
formation of Zb is BRST-trivial since 

M^^-Zs = T]^^"'^;] [Bpg{X-f'^'-d)5{BN) + B,t{XY'd)Bp,N'i'-d5{BN)] (3.19) 
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So different choices of S^n only change Zb by a BRST-trivial quantity. 

With these picture-changing operators, the pure spinor measure factors of subsection 
(3.1) can be used to compute arbitrary loop amplitudes with functional integration meth- 
ods. But before discussing loop amplitudes, it will be useful to show how these functional 
integration methods reproduce the tree amplitude prescription of subsection (2.3). 

3.3. Functional integration computation of tree amplitude 

For tree amplitudes. A" has eleven zero modes so one needs to insert eleven picture- 
lowering operators Yc\ {yi)...Ycj^-^ (yii) ii^to the correlation function where the choices of C/ 
and yi for / = 1 to 11 are arbitrary. It will now be shown that functional integration with 
these insertions reproduces the correct tree amplitude prescription. Using the notation of 
subsection (2.3), the A^-point open string tree amplitude is computed by the correlation 
function 

A={ Viizi) V2{Z2) ^3(^3) j dz^U^iz^)... j dzNU^izN) YcM)-yc,Ayii)) (3.20) 

where V and U are the unintegrated and integrated vertex operators and Ycj{yi) = 
CiJ^{yi)5{Ci\{yi)). 

To compare with the prescription of ( |2.2C1| ), it is convenient to fix [zi^ Z2, Z3) at finite 
points on the worldsheet and to insert all eleven picture-lowering operators at j// = 00. 
With this choice, there are no contributions from the OPE's of the picture-lowering op- 
erators with the N vertex operators. Also, there are no singular OPE's between the 
picture-lowering operators since d{CiX) has a pole with d{C2X) only when Cia is propor- 
tional to C2Q, which implies that {Ci9) has a zero with {C2O). After integrating over the 
non-zero modes of the worldsheet fields, one is left with the expression 

A = { A"A^AVa/?^(^)(Ci^)...(Cii^)5(CiA)...5(CiiA) ) (3.21) 

where fafB-yi^) is the same function as in the computation of ( |2.34| ). To integrate over 
the O"' and A" zero modes, use the standard J d^^9 measure factor and the pure spinor 
measure factor of (13.51) to obtain 



A= fd^^'e f[VX] A"A^AVa/37(^)(Ci^)...(Cii^)5(CiA)...5(CiiA) (3.22) 
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In general, 

"" dXP\..dXP^^5{CiX)...5{CiiX) (3.23) 



f 



is a complicated function of Cj because of the Jacobian coming from expressing A'' in 
terms of (C/A). However, since the Lorentz variation of Yc is BRST-trivial, the amplitude 
is independent (up to possible surface terms) of the choice of C/. This implies that if 
one integrates ( |3.22| ) over all possible choices for Cj with a measure factor [DC] satisfying 
J [DC] = 1, the amplitude is unchanged. Note that (|3.22| ) is manifestly invariant under 
rescalings of C/, so Cj can be interpreted as a projective coordinate. 
So one can express the amplitude in Lorentz-covariant form as 

^ = (^^"')K] /^''^ r^..r"/«^,(^) (3.24) 

J[DC] J dXPK..dXP'^Ci^,...Ci,^,,5iCiX)...5{CiiX). 
By Lorentz invariance, 

f[DC]fdXP\..dXP''Ci^,...Cii^,,S{CiX)...S{CiiX) = cSlP^\..SPl]^ (3.25) 

where c is a normalization factor which is determined from 

[[DC] f{Cip,dXP^)...{Ciip,,dXP'^)d{CiX)...d{CiiX) = 1. (3.26) 

So 

A = c{er-')f-^^ll^ j d^'e r^..r-/«^,(^), (3.27) 

which agrees with the tree amplitude prescription of ( p.34|) up to a constant normalization 
factor. 

Note that the above computation can be easily generalized to correlation functions 
where the picture-lowering operators are not at y/ = oo. In this case, one can get fac- 
tors such as d5{CX) from OPE's between the picture-lowering operators and the vertex 
operators. However, since the amplitude is guaranteed to be independent of C/, one can 
use a similar argument to trivially perform the functional integration over the pure spinor 
ghosts. 
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Using Lorentz invariance and symmetry properties, the previous prescription for inte- 
grating over A" zero modes can be generalized to a prescription for evaluating (/(A, C/)) 
where 
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/(A, Ci) = h{\ Ci) n a^^5(C,A) (3.28) 

1=1 

and /i(A, Cj) is a polynomial depending on A" and C/q, as 

1=1 

The manifestly Lorentz-covariant prescription is 

(/(A, Ci)) = I [DC] j[V\] /(A, C,) (3.29) 

= r'rfr-ii«"^^» — —— — ^ r\( ^ —\^^h(\ CA 

where c' is a proportionality constant which can be computed as in ( |3.26|) . 

As will be shown in section 5, similar methods can be used to perform functional 
integration over the N"^^ and J zero modes in loop amplitudes. However, before discussing 
these loop amplitudes, it will be necessary to first construct an appropriate b ghost. 

4. Construction of b Ghost 

To compute (/-loop amplitudes, the usual string theory prescription requires the in- 
sertion of (3(7 — 3) 6 ghosts of —1 ghost-number which satisfy 

{Q,b{u)} = T{u) (4.1) 



where T is the stress tensor of (|2.7| ). After integrating b{u) with a Beltrami differential 
Hp{u) for P = 1 to 3(7 — 3, the BRST variation of b{u) generates a total derivative with 
respect to the TeichmuUer parameter Tp associated to the Beltrami differential fip. But 
since Wa can only appear in gauge- invariant combinations of zero ghost number, there 
are no operators of negative ghost number in the pure spinor formalism, so one cannot 
construct such a b ghost. Nevertheless, as will now be shown, the picture-raising operator 

Zb = \B^r,{X-^^^d)5{BN) 
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can be used to construct a suitable substitute for the b ghost in non-zero picture. 

Since genus g amphtudes also require lOg insertions of Zb{z), one can combine (3g — 3) 
insertions of Zb{z) with the desired insertions of the b{u) ghost and look for a non-local 
operator 6b(u, z) which satisfies 

{Q,'bB{u,z)} = T{u)ZB{z). (4.2) 



Note that Zb carries -|-1 ghost-number, so 6b carries zero ghost number. And (|4.2| ) implies 
that integrating b{u, z) with the Beltrami differential np{u) has the same properties as 
integrating b{u) with fj,p{u) in the presence of a picture-raising operator Zb{z). 
Using 

Zb{z) = Zb{u) + f dvdZBiv) = Zb{u) + f dv{Q, BpgdNP\v)5iBN{v))}, 

J u J u 

one can define 

bB{u,z)=bBiu)+T{u) f dvBpqdNPi{v)5{BN{v)) (4.3) 

J u 

where 6b (w) is a local operator satisfying^ 

{Q,bB{u)} = T{u)ZB{u). (4.4) 

4.1. Chain of operators 

To construct 6^ satisfying ( |4.4D , it is useful to first construct a chain of operators 
which are related to the stress tensor T through BRST transformations. Although there 
is no b operator of —1 ghost-number satisfying {Q, b} = T, there is an operator G°' of zero 
ghost-number satisfying 

{(5,G'"} = A"T. (4.5) 

The existence of G" is guaranteed since A"T is a BRST-invariant operator of -|-1 ghost 
number and +2 conformal weight, and the BRST cohomology at -|-1 ghost number is 



non-trivial only at zero conformal weight. One finds that 117 



G- = ^n"^(7^ dr - ^iV^n(7™9^)" - IjdO'^ - ^9'^" (4.6) 



A similar picture-raised version of the b ghost appears in the N=4 topological description of 
the superstring BO] as the G^ generator. Since the pure spinor formalism can be related to the 
N=4 topological description through the twistor approach of |]4l[| p3], it would be interesting to 



try to relate 6_b with G using the approach of [41|. 
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where the d'^6'^ term comes from normal-ordering. Note that if one ignores this 
normal-ordering contribution, all terms in G" carry "engineering dimension" | where 
[A", 6*", x'^,Pa, Wa] are defined to carry engineering dimension [0, |, 1, |, 2]. Furthermore, 
one can verify that G" is a primary field of +2 conformal weight. 
Since 

Q(A"G'^) = A"A^T (4.7) 

is symmetric and 7-matrix traceless (i.e. Q{X^^G^') = Q{X'~f^G) = 0), cohomology argu- 
ments imply there exists an operator H""^ which satisfies 

g(if "^) = A^G^ + ^«"^)) (4.8) 

where (7(("^)) is some symmetric 7-matrix traceless operator.EJ Note that ([4.8|) only deter- 
mines if "^ up to the gauge transformation 

SH'^f^ = 0««^)) (4.9) 

where fl^^""^)' is any symmetric 7-matrix traceless operator. For example, one can choose 
0((a/3)) g^(,i^ ^i^g^^ 77((a/3)) = 0, in which case (|]|) is solved by 

i7"^ = — 7°^(A^"^'"n„ - -JW^ + 2an"") + —7^ip{d-f"'''Pd + 24A^"^"nP) (4.10) 

where ^r^^"^)) = — ^^'^^^pqA^l^^^'^^ ^) ■ O^^ ^^^ check that H"^^ is a primary field of 
conformal weight -f2 and that, if one ignores the normal-ordering term proportional to 
^n"*, all terms in i7"^ carry -f3 engineering dimension.!!^ 

The next link in the chain of operators is constructed by noting that 

Qi^X^H^-y) = A^A^GT + A"^^^^^^), (4.11) 

which implies using similar cohomology arguments as before that there exists an operator 
X""^^ which satisfies 

QiK""'') = X^H"'' + /li^"^))"^ + /i^^^^^^) (4.12) 

^^ Since (A'^G'^ — A^'-^G'^^-') is a BRST-invariant operator of +1 ghost-number and +2 conformal 
weight, it is guaranteed that (A"G^ - A^^G'^") = Q{H°''^ - i:f((«^))) for some H'^^ . Defining 

^((«/3)) ^ _;)^((ac'/3)) +g(i:f((«/3)))^ one recovers (pj). 

^•^ It is interesting to note that the [T,G",H°'f^] operators closely resemble the [A,5",C"""p] 
constraints of Siegel |35] for quantization of the superparticle and superstring. 
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where /i^ is some operator which is symmetric 7-matrix traceless in its first two 

indices, and h2 is some operator which is symmetric 7-matrix traceless in its last two 



indices. Note that (|4.12|) only determines K"^^^ up to the gauge transformation 

^^a/37 = o(("/5))T + 0^«^^)). (4.13) 

From its | engineering dimension (ignoring normal-ordering terms) and its +2 conformal 
weight, one can deduce that 

j^^Pj = c^^lPN'^^'dp + cf'^PJdp + cf'^^ddp, (4.14) 

however, the coefficients [c"^]^'', C2 ■, Cg ] have not yet been computed.^ 

Finally, the last link in the chain of operators is constructed by noting that 

g^^a^/375) _ A" A^ilf^^ -f X^'h^^^'^'^^^ + A"/l^"^^)^ , (4.15) 

which implies that there exists an operator L^^P^^ which satisfies 

g^^a/375) = X<-kP^S ^ ^((a«)75 ^ ^^((/37))5 ^ kf^i^^^\ (4.16) 

where [/cj^ , k2 "^ ■> ^3 ] s-re operators which are symmetric 7-matrix traceless 

in their first two, middle two, or last two indices. As before, (|4.16| ) only determines L^P'i^ 
up to the gauge transformation 

5L«^75 = O"-^)^'^ + O^"^^))-^ + of «^^». (4.17) 

Since L°^Pi^ carries -\-A engineering dimension (ignoring normal-ordering terms) and +2 
conformal weight, it has the form 

^a/375 _ d^^^^N^^N^'i -f c'^^l'jN'^^ + cf^'jj + c^^l'dN"^^ + cf^'dJ, (4.18) 



where the coefficients in (|4.18|) have not yet been computed. 



To show that L"^''"' is the last link in the chain of operators, note that there are no 
supersymmetric primary fields of +2 conformal weight which carry engineering dimension 
greater than four. So if one tries to define an operator M^^'^^ satisfying 

^/^a/^TtSpN ^ yaj^pfSp . j^({a0))-ySp j^a{{p'r))Sp j^aP{{'rS))p j^aP-ydSp)) .^ ^gx 



For this type of computation, it would be very helpful to have a computer code designed to 
handle manipulations of pure spinors. 
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for some [i[(^l3))f^Pjf(f^f))Spj'^P(i^s))p^^^f3^((Sp))^^ ^^^ ^^^^ ^^^^ ^^p^^p ^^^^ ^^^^^^v. 
This implies that 

yxj^p-iSp ^ _^((a/?))7(5p _ ^OL{{f3'y))5p _ j^a(3{{'i5))p _ ^al3-j{{5p)) ,^ 2Q\ 

which imphes that 

for some S'^''' and [si ,■§2 ''^ , Sg ]. For the foUowing subsection, it wiU be 

useful to note that ( [4.21J ) and ( ^4.16| ) imply that 

Q{S^^') = K"^' + X^T-^' + t"^'^)^' + t?«^'^^ (4.22) 

forsomefT^^i"^^))',^^"^'"]. 

Note that 5'^"'''^ has ghost-number —1, so it will depend on w^ in combinations which 
are not invariant under the gauge transformation of ( |2.4| ). However, since L"^'^^ only 
involves gauge- invariant combinations of Won the change in 5'^'^'^ under ( p.4| ) must be of 
the form 

5S^^' = A^E^^ + p«^^»^ + pf ^-^'^ (4.23) 

for some [E"^^, p[ '^ i P2 1 ^^ order that the change in 5'^''"' can be cancelled in ( [4.21J ) 
by shifting 

5.«"^))^' = -A-A^E^^ 5,«((/37))5 ^ _;^a^((/37)M^ 5.f «^'» = -A>f«^'». (4.24) 

4-2. Construction of bs 

Since [Q, TZb] = and TZb has +1 ghost-number and +2 conformal weight, co- 
homology argumentsis suggest one can find an operator bs satisfying {Q,6b} = TZb- 
Although the structure of 6^ will be complicated, one can construct 6^ iteratively using 
the operators [T, G", if "^, K"^'>', L"^''"'] of the previous subsection. To construct 6^, first 
note that 

TZb = ^T{XBd)S{BN) = 1{Q, G''}{Bd)^d{BN) (4.25) 



At zero picture and +1 ghost-number, the BRST cohomology is trivial for states of nonzero 
conformal weight. It is expected that this is also true at nonzero picture, however, this has not 
yet been verified. 
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= \{Q. {Gj'^''d)B^J{BN)} + ^^"[Q, {Bd)J{BN)] 
{Q^b^s} + ^G"[-(7™7^A),S^,np<5(SiV) - ^{Bd)o.{XBd)dd{BN)] 



where 

b's' = ^-{G-t'^''d)Bmn8{BN), (4.26) 



'^ 2 



{Bd)cc = {'y"^^d)ccBmm (XBd) = {X'y^'^d)Bmm and normal-ordering contributions are 
being ignored. 

So one now needs to find an operator 6^ ^ ^b which satisfies 

{Q, be - &iJ^} = -G'"[^(7"^-7PA)«S^^np5(SiV) + ^{Bd)^{XBd)dd{BN)] (4.27) 

= -{Q.Hf^^i^i^Prn^cnpBmnHBN) + ^iBd)^iBd)pd5iBN)]} 

+H^''{Q, ^{jP^nPcIlpB^nSiBN) + ^{Bd)^{Bd)pdd{BN)} 

^ {Q,b^^^} + H''^[^iYrnpUXlpd6)BrnnS{BN) + ^i^Prnpc.npBrnniXBd)d5iBN) 



4 
where 



+ hBd)[^{jmn7p)p]B^''IlPdd{BN) + hBd)^{Bd)p{XBd)d^d{BN)] 



hf = -H^^i^iYmpcIipBmnSiBN) + ^iBd)UBd)f3dS{BN)]. (4.28) 



One now continues this procedure two more stages to construct 6^ using K"^"', and 



(3) 



to construct b^ using L"^^^ and 5"^^^. Using the properties of (|4.21|) and (|4.22 



one can 



verify that the procedure stops here and, ignoring normal-ordering contributions, 



^B = 6W+6g)+6g)+6g) (4.29) 



-1^ ' on/H r»^ ' 



where b^ and 6^ are given in ( 4.26 ) and ( 4.28 ), and 



+ ^{^P^^^)^^[Bd)^UpBmndS{BN) + ^{Yl''n^[f3{Bd)^]UpBmndS{BN) 

+ ^{Bd)^{Bd)p{Bd)^d^S{BN)], 
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+ iL^^^°[ ( {jPrnpc.{Bd)^shpd9),] - {j^rnMBd)a]{lpd9)s ) B^r.dd{BN) 

-( (7V)5[^(7^""^)/?]a + (7^7'^'^)5a(7^7™)7/3 ) IlpBmnIlsB,rd5{BN) 

+ \{Yl"n5UBd)p{Bd)^^ ) IipB^r.d''5{BN) 
-^{Bd)^{Bd)p{Bd)^{Bd)sdH{BN) ]. 



Although hs of ( [4.29| ) is a complicated operator, it has certain simple properties 



which will be useful to point out. Firstly, hs is invariant under the gauge transformations 
of dlJ), (|J3D, (1^3) and (PI) for H'^^ , K'^^^, L«^^^ and S^^^^. Secondly, all terms in 
bs have +2 conformal weight (where 6{BN) has —1 conformal weight). Thirdly, if one 
ignores normal-ordering contributionsl^l, all terms in bs have +4 engineering dimension 
where [A", 6*", x"^, da, Wa] carry engineering dimension [0, |, 1, f , 2] and 5{BN) is defined 
to carry zero engineering dimensioned. Fourthly, all terms in bs are manifestly spacetime 
supersymmetric. And finally, although bs is not Lorentz-invariant, its Lorentz transfor- 
mation only affects the scattering amplitude by a surface term. 

To verify this last statement, note that under Lorentz transformations generated by 
M'"'", ( P^ ) implies that M'^'^Zb = QAb"" where 

A-- = 2r]P^'^r]';^^BpgNi'^5iBN). (4.30) 

Since {Q, bs} = TZb, this implies that 



Since terms coining from normal-ordering carry engineering dimension less than +4, they 
will not contribute to the scattering amphtudes computed in section 6. However, for more general 
amplitude computations, one will need to include contributions from the normal-ordering terms 
in bB. 

Although it might seem more natural to define S{BN) to carry —2 engineering dimension, it 
will be more convenient for our purposes to define 5{BN) to be dimensionless. 
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for some fi^"^. So using (|0| ), 

M'^''hB{u,z)=M'^''hB{u)+T{u) I dvM'^''{BpqdNPiS{BN)) (4.31) 

J u 



= T(w)A^'^(w) + QO^"(m) + T{u) / dvdA]^''{v) 

J u 

Since T{u)K^^[z) produces a total derivative with respect to the TeichmuUer parameter 
Tp associated to the Beltrami differential fip{u), the Lorentz variation of bp only changes 
the scattering amplitude by a surface term. 

5. Multiloop Amplitude Prescription 

Using the picture- changing operators of section 3 and the bs ghost of section 4, one 
can give a super-Poincare covariant prescription for computing A^-point (/-loop closed su- 
perstring scattering amplitudes as 

/3g-3 ^ 

(fTi...(fT3g-3{\ Y\ d^UpHp{up)bBp{up,Zp) (5.1) 

p=l ^ 

lOg 9 11 ^ r 

H ZbA^p) n ^■^(^^) n "^cAvi) I' n / dhrUTitT) ), 

P=3g-2 R=l 1=1 T=l "^ 

where | p signifies the left-right product, rp are the TeichmuUer parameters associated to 
the Beltrami differentials iip{up), and UTitr) are the dimension (1, 1) closed string vertex 
operators for the A^ external states. The constant antisymmetric tensors Bp""^ in bsp and 
Zbp will be chosen to satisfy ( |3.17|) and will also be chosen such that Bi = -B/+10 = 
... = i?/_|_io(g-i) for / = 1 to 10. In other words, there will be ten constant antisymmetric 
tensors B'f'^, each of which appear in g picture-raising operators or 6^ ghosts. One possible 
choice for these ten tensors is Bi mn-^"^"" = ^i [ab]-^'"^^ where a,6 = 1 to 5, [ab] is a ten- 
component representation oi SU{h), and A^t"^] transforms as a 10 representation under the 
SU(5) subgroup of the (Wick-rotated) Lorentz group SO(10).cll 



In terms of the U(5)-covariant variables of |14|, this choice would imply Bi mnN 
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mn 



When g = 1, the prescription of (5J) needs to be modified for the usual reason 



that genus-one worldsheets are invariant under constant translations, so one of the vertex 
operators should be unintegrated. The one-loop amplitude prescription is therefore 

A= d^T{\ / rf^W;u(w)6Bi(w,2i) (5.2) 

10 11 ^ r 

n ZBA^p)Zj{v)l[YcAyi) I' Viih) n / dhrUTitT) ), 

P=2 1=1 T=2-^ 

where Vi(ti) is the unintegrated closed string vertex operator. 

As shown in the previous sections, the Lorentz variations of bsp, Zbp and Ycj are 
BRST-trivial, so the prescriptions of (|5.1| ) and (|5.2| ) are Lorentz-invariant up to possible 
surface terms. Also, all operators in ( |5.1J ) and (|5.2D are manifestly spacetime supersym- 
metric except for Ycj, whose supersymmetry variation is BRST-trivial. In section 6, it will 
be argued that surface terms can be ignored in this formalism because of finiteness prop- 
are 



erties of the correlation functions. So the amplitude prescriptions of (|5.1| ) and (|5.2| ) 
super- Poincare covariant. This implies that A is independent of the eleven constant spinors 
Cj and ten constant tensors Bp which appear in the picture-changing operators. As will 
now be shown, functional integration over the matter fields and pure spinor ghosts can be 
used to derive manifestly Lorentz-covariant expressions from the amplitude prescriptions 
of (g and (113). 

As usual, the functional integration factorizes into partition functions and correlation 
functions for the different worldsheet variables. However, in the pure spinor formalism, 
the partition functions for the different worldsheet variables cancel each other out. This 
is easy to verify since the partition function for the ten bosonic x^ variables gives a fac- 
tor of (det 9o)~^(det 9o)~^ where do and do are the holomorphic and antiholomorphic 
derivatives acting on fields of zero conformal weight, the partition function for the six- 
teen fermionic {0"',Pa) and (6 ,p^) variables gives a factor of (det9o)"'^^(det9o)^^, and the 
partition function for the eleven bosonic (A", Wa) and (A , mJq) variables gives a factor of 
(det 9o)~^^(det9o)~^^. So to perform the functional integral, one only needs to compute 
the correlation functions for the matter variables and pure spinor ghosts. 
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5.1. Correlation function for matter variables 

In computing the (7-loop correlation functions, one can follow the same general proce- 
dure as in the tree amplitude computation of subsection (3.3), but one now needs to take 
into account the g zero modes of the fields with +1 conformal weight. For example, one 
can functionally integrate over the (^",Pa) variables by first separating off the zero mode 

of doc by writing 

9 

dM = Y, d^^Ri^) + dM (5.3) 

R=l 

where Ufi are the g holomorphic one- forms and d^ are the IQg zero modes of da- Since the 
poles of da{z) are determined by its OPE's with the other fields, these OPE's completely 
fix the dependence of the correlation function on the location z. 

For example, the ^r-loop analog of the correlation function of (|2.21|) is given by 



{doc{z)Ii^{u)deP{v)d^{w)As{x{y),e{y))) (5.4) 

= d^UR{z){Ii^{u)def'{v)d^{w)Mx{y),6{y))) 
+^^pF{z,u){de''{u)de^{v)d^{w)A5{x{y),e{y))) 

Uid,F{z,v){ir^{u)d^{w)A5{x{y),e{y))) 

+^^^F{z,w){W^{u)deP{v)Ii^{w)As{x{y),e{y))) 

+F{z,y){ir^{u)de^{v)5^{w)Do,As{x{y),e{y))) 



where 



F{z,y) = dAog E{z,y) 
and E{z, y) is the holomorphic prime form which goes like {z — y) when z approaches y 



Using this procedure, one can remove the da's one at a time from the correlation 
function. After all the d^s have been removed, one can replace all remaining ^'s in the 
correlation function by their zero mode. One then functionally integrates over the 16 ^" 
zero modes and the 16g d^ zero modes using standard Berezin integration. 

Although the functions F{z, y) coming from the d^ OPE's in ( ^.4|) are not single- 
valued when either z or y goes around a S-cycle of the genus g surface, the scattering 
amplitude will be single- valued. This is because when daiz) goes around the R^'^ S-cycle, 
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F{z, y) — » F{z, y) — 2iTiu!fi{z), which induces a change in the correlation function of ( |5^ ) 
by the term 

-2niu;R{z){f dsd^is) U"'{u)d9^{v)d^iw)As{x{y),9iy))) (5.5) 

where the contour integral of s goes around all the other points on the surface. Since da 
is a conserved current, the contour integral can be deformed off the back of the surface, 
giving no contribution to the scattering amplitude. 

And when 9°'{y) goes around the R^^ S-cycle, F{z,y) -^ F{z,y) + 2TiiujR{z). Since 
this change in F{z, y) is independent of y and is proportional to ur^z), the resulting change 
in the da correlation function can be cancelled by shifting the d^ zero mode in ( ^.3|) by a 
z-independent amount. Since Berezin integration is unchanged by a constant shift of the 
Grassmann variables, the scattering amplitude is single-valued after integration over the 
da zero mode. 

After performing functional integration over the {9",pa) variables in this manner, 
one can easily perform functional integration over the x"^ variables using the standard 
techniques [0|Q. For example, the correlation function (nr=i exp(z/i; ■ x{ur)) is equal to 

= n / ^'°^« I exp(i7rPfl • PsTRs + 27rz ^K ■ Pr dvujR{v)) \[ E{ur, Us)''^'''^ f 

R=l -^ r=l -^ r<s 

(5.6) 
where P^ is the loop momentum through the R^^ A-cycle, trs is the period matrix, and 
E{u, v) is the holomorphic prime form. 

5.2. Correlation function for the pure spinor ghosts 

After functionally integrating over the matter variables, one is left with a correlation 
function depending on the pure spinor ghost operators A", N"^^ and J. To compute this 
correlation function, first separate off the g zero modes of Nmn by writing 

Nmniz) = N^^ujr{z) + N^n{z). (5.7) 



Since the singularities of Nmniz) are determined from the OPE's of (|2.6|) , the dependence 
of the correlation function on z is completely determined. 

For example, a ^r-loop analog of the computation of ( p.22| ) is 

{Nmn{z)Np,{u)X"{v)d{BN{w))S{CX{y))) = (5.8) 
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= N^^uniz){N,,iu)X-{v)SiBNiw))S{CX{y))) 
+F(^, w)((7?p[,iV^],H - r?,[,iV^]pH)A"(z;)5(SiVH)5(CA(y))) 

+^F{z,v){Np^{u){^^rrX{v)r5{BN{w))5{CX{y))) 

+2F{z,w){Npg{u)X''{v)B,[mN^^-{w)dd{BN{w))d{CX{y))) 

+6d^F{z,w){Np,{u)X''{v)Bmnd5{BN{w))5{CX{y))) 

+ ^F{z,y){Np^{u)X^{v)5{BN{w)){C^^rrXiy))d6{CXiy))). 

If one counts d^6{BN) as containing {—L) A^'s, then the number of A^'s is decreased 
after performing this correlation function. So repeating this procedure enough times wiU 
eventually give a correlation function with a net zero number of A^'s, at which point one 
can stop. Note that the procedure of separating off the zero mode of Nj^n^z) must also be 
used for the A^^n appearing in d{BN). So one needs to include the contribution from 

S{BN{z)) = S{BN^ujr{z) + BN{z)) (5.9) 

= SiBN'^URiz)) + {BN{z))d5{BN'^ujR{z)) + ]^{BN{z)fd^5{BN'^ujR{z)) + ..., 

where one uses the OPE of N{z) with the other fields to determine the dependence of the 
correlation function on z. 

As in the {6'^^pa) correlation function, although F{z,y) is not single- valued when 
either z or y goes around a S-cycle, the scattering amplitude will be single- valued. When 
Nmn{z) goes around the R^^ S-cycle, the change in the correlation function of ( |5.8| ) is 
equal to 

-2mu;R{z){{<(dsN^r.{s))Np,{u)X''{v)5{BN{w))5{CX{y))) (5.10) 



where the contour integral of s goes around all points on the surface. Since Nmn is 
a conserved current, the contour can be deformed off the surface, so this contribution 
vanishes. And when A°(y) goes around a S-cycle, the change in the correlation function is 
independent of y and can be cancelled by an appropriate shift of the N^^ zero modes. So 
after integrating over the N^^ zero modes using a shift-invariant measure, this contribution 
will also vanish. 
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After removing all the NmnS from the correlation function and replacing them with 
N^^ zero modes, one can follow the same procedure for the J{z)^s in the correlation 
function. For example, after separating off the g zero modes by writing 

J{z) = J''ur{z) + J{z), 

one can use the OPE's of (|2.6| ) to show that 

{J{z)S{J{u))X'''{vi)...X"^'{vM)S{CiX{yi))...S{CnX{yii))) (5.11) 

= j''uR{z){d{J{u))X''^{vi)...X"^'{vM)S{CiX{yi))...d{CiiX{yii))) 
-4d^F{z,u){dd{J{u))X'''{vi)...X''^{vM)S{CiX{yi))...d{CnX{yii))) 

M 11 

+ {Y, F{z, vq) - Y, F{z, yi) + 8c»,(lna(z))) 
Q=l 1=1 

(5(J(w))A"i(t;i)...A"-(t;M)5(CiA(2/i))...5(CiiA(2/ii))) 

where the term proportional to 892(lno"(z)) comes from OPE's with the screening charge 
which is responsible for the ghost- number anomaly. As discussed in [44], (j{z) is a multi- 
valued holomorphic function without zeros or poles which satisfies 

d^ \na{z) -^ d^ lna{z) + 2ni{g - 1)ur{z) (5.12) 

when z goes around the R^'^ S-cycle. A convenient representation for dz{lria{z)) is 

d4liia{z)) = ^ f dvuR{v)F{z,v) (5.13) 

R=l JAr 

where F{z, v) = dz In E{z, v) and E{z, v) is the holomorphic prime form. 

One can easily use (|5.12|) and the ghost-number anomaly to show that ( p.ll|) is in- 
variant when J{z) goes around the R^^ B cycle. l3 And when A"(f) goes around the R*'^ 
S-cycle, the change in the correlation function can be cancelled by shifting the zero mode 
of J«. 

After removing all A^'s and J's from the correlation function and replacing them 
with N^^ and J^ zero modes, one can also replace all remaining A"'s in the correlation 
function by their zero mode. As will now be described, one then needs to integrate over 
the (A", N^^, J^) zero modes using the measure factors defined in subsection (3.1). 



Because of the ghost-number anomaly, J is not a conserved current and deforming £ dsJ{s) 
off the surface gives a contribution which is cancelled by ( |5.12 ). 
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5. 3. Integral over pure spinor zero modes 

After integrating out the non-zero modes of (A", Nmm J): one obtains an expression 
(/(A, Nn, Jn, Ci, Bp)) depending only on the zero modes of (A", N^^, J^) and the con- 
stant spinors and tensors Cj and Sp"^. The scattering amphtude is then defined by the 
integral 

A = j[V\][VN,]...[VN,]f{X-,N^^,J^,C',B^^) (5.14) 

where [V\] and [VN] are defined in (^) and (^). 

Using the properties of the measure factors \pX\ and \pN] , one can write 

/a 1^ 3 

[VX] Yl [VNnlf = / (rfiiA)["i-"^i] Yl (rfiiArp)[[<-f]-["^fo-fo]] (5.15) 

R=l -^ R=l 



R=l 

where 

/ = A^U^^A^3^^1...^P^...^P?...^p|y^^^^^^^^^^ ^^ ^, ^,^^(^^^^^j^^^^^5^). 

As in the discussion of subsection (3.3) for tree amplitudes, ( |5.15| ) is in general a 
complicated function of the Sp's and C/'s. However, using the properties of the picture- 
changing operators and Bb ghost, one knows that the scattering amplitude must be inde- 
pendent of these constant spinors and tensors. One can therefore integrate ( |5.15| ) over all 
choices of Bp and Cj using a measure factor [DB] [DC] which satisfies J [DB] [DC] = 1 . 
Note that ( ^.15|) is manifestly invariant under rescalings of C/q, and Sp", so these constant 
spinors and tensors can be interpreted as projective variables. 

Using arguments similar to those of subsection (3.3), a manifestly Lorentz-covariant 
prescription will now be given for evaluating (/(A, A''^^, Jp, C/, Bp)). To be non- vanishing 
and have ghost- number 8(7 — 8, /(A, Np, Jp,Ci, Bp) will depend on (A, Np, Jp,Ci, Bp) as 

f{\Np,Jp,Cj,Bp)= (5.16) 

9 10 g 11 

h{X,Np,Jp,Ci,Bp) H a^«5(Jfl) n n d'^'''''S{BpNp))l[d'''{CiX), 

R=l P=l R=l 1=1 
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where h is a, polynomial depending on (A°, A^^^, J^, Cja, Sp"^) as 



10 - 11 



fi=i p=i 1=1 

(5.17) 
Using Lorentz invariance and symmetry properties, one can argue that 

A= l'[VB][VC] l'[VX]l[[VNR]f{X,NR,jR,Ci,Bp) (5.18) 

■^ "^ i?=i 

(9 3 3 3 3 3 

_ / r ( ^ Tninim2m3Tn4 W ^,^5715712771677-17 W mgngnanemg ^ \ 

^^aA^ aA^^aA^ aA^^aA^ aA^ 

a 333 

/_^ mlonlon4»^7T^9__^ 1.9 

^aA '^ aA^ as;^^"i'"as^^""io ^ 



(er- 



-ix((«/37)) 3 3 3 3 a 



'[pi-pii] aA° aA^ aA^ acip, ■■'acnp,, 



a a .li', -TT-i-T, a a .r„„-rT,a 



where the proportionality constant c' can be computed as in (|3.26|) . 

So as claimed, the final expression for the scattering amplitude is a manifestly Lorentz- 
covariant function of the polarizations and momenta of the external states. Although this 
expression is complicated for arbitrary (/-loop amplitudes, it will be shown in the following 
section how this prescription can be used to prove certain vanishing theorems. 



6. Amplitude Computations and Vanishing Theorems 

In this section, the amplitude prescription of section 5 will be used to prove certain 
properties of closed superstring scattering amplitudes involving massless states. In subsec- 
tion (6.1), the closed superstring vertex operator for Type IIB supergravity states will be 
reviewed. In subsection (6.2), it will be proven that massless A^-point gr-loop amplitudes 
are vanishing whenever A^ < 4 and g > 0. In subsection (6.3), the four-point massless 
one-loop amplitude will be computed. And in subsection (6.4), it will be proven that the 
low-energy limit of the four-point massless amplitude gets no perturbative contributions 
above one-loop. 
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6.1. Type IIB supergravity vertex operator 

Just as the super-Maxwell states of the open superstring are described by the unin- 
tegrated vertex operator V = A"Aq,(x, 6*) satisfying QV = and dV = QO, the Type 
IIB supergravity states of the closed superstring are described by the unintegrated vertex 
operator 

y = A"A^A«^(x,^J) (6.1) 

satisfying 



QV = QV = 0, 5V = Qn + Qn (6.2) 

where QQ = QVt = 0. The equations QV = QV = imply that 

D.jAaP + DaAjfS = 'J^^AmP, D^Aap + DpAa-f = 'y'pt^Aam (6.3) 

for some superfields Amp and Aam where 

Do. = -^ + \h'^0)^dm, D^ = ^ + lh'^0)c.dm (6.4) 



are the N=2 D=10 superspace derivatives. And the gauge transformations 5V = QO, + QQ 
where QQ = QQ = implies 

5A^p = D^np + Dpn^, (6.5) 

O-^mce O-ui^^a. ^ a^^mi ^-^ctva (^m^^a ^ ct^^mi 

where 

In components, one can use (|6.3| ) and ( |6.5| ) to gauge A^pix, 6,6) to the form 

A^p{x,6,d) = e'''-^[hmnh^O)UrO)p + i\nh"'0)^{rO)phJ)^ (6.6) 

+rnh'^o)^{^meure)p + F^\^^e)^i^meuro)p{iJ)s + ...] 

where 

fc ^ K limn ^ "^ limn ^ rC Wm. ^ "' \1nVm)a ^ ^i 

k^i;^ = k^i-fnMc = kml'^^F^' = kmlZF'"' = 0, 
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and ... involves products of /c"^ with /i"^"", '0^, tp^^ or F"^. So Aap{x,6,9) describes the 
on-sheU Type IIB supergravity multiplet where hmn describes the graviton, antisymmetric 
tensor and dilaton, '0^ and -i/'m describe the gravitini and dilatini, and F'^p describe 
the Ramond-Ramond field strengths. Note that the x-independent part of (|6.6| ) can be 
interpreted as the left- right product of two super-Maxwell superfields Aq,(6')A^(6') where 
A^{x, 6) = amil'^e) + e(7"'^)a(7m^)7 + - and 

So one can interpret the unintegrated massless closed superstring vertex operator of 

as the left-right product of two unintegrated massless open superstring vertex operators 

using the identification 

Just as the integrated open superstring vertex operator Uopen is related to the uninte- 
grated open superstring vertex operator Vopen by QUopen = dVopen, the integrated closed 
superstring vertex operator Udosed is related to the unintegrated closed superstring vertex 
operator Vdosed by QQU dosed = ddVdosed- Although one can easily write an explicit ex- 
pression for the integrated form of the Type IIB supergravity vertex operator |jT^ [^5| , it 



will be more convenient to recognize that it is related to the left-right product of two inte- 
grated super-Maxwell vertex operators of (|2.19| ). So the integrated Type IIB supergravity 
vertex operator can be expressed as 

Udosed = e^^-^(ar A„(^) + U^A^ie) + d^W"{6) + ^N^'^J^^M) (6.7) 

(d9%(9) + lfAp(9) +dpW^(9) + h^^^'Tp^m. 

Since the closed string graviton hmn is identified with the product of amdm the 9 = 6 = 
component of J^mn{d)J^pq{0) is identified with the linearized curvature tensor Rmnpq = 



"'[m'^n][(j'"'p] ■ 
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6.2. Non-renormalization theorem 

In this subsection, the amphtude prescription of section 5 will be used to prove that 
massless A^-point (/-loop amplitudes vanish whenever A^ < 4 and (7 > 0. For A^ = 0, this 
implies vanishing of the cosmological constant; for A^ = 1, it implies absence of tadpoles; 
for A^ = 2, it implies the mass is not renormalized; and for A^ = 3, it implies the coupling 



constant is not renormalized. Using the arguments of 013^] which were summarized in 
the introduction, and assuming factorization and the absence of unphysical divergences in 
the interior of moduli space, these non-renormalization theorems imply that superstring 
scattering amplitudes are finite order-by-order in perturbation theory. 

Although surface terms were ignored in deriving the amplitude prescription of section 
5, it is necessary that the proof of the non-renormalization theorem remain valid even if 
one includes such surface term contributions. Otherwise, there could be divergent surface 
term contributions which would invalidate the proof. For this reason, one cannot assume 
Lorentz invariance or spacetime supersymmetry to prove the non-renormalization theorem 
since the prescription of (|5.1|) is Lorentz invariant and spacetime supersymmetric only after 
ignoring the surface terms. 

Fortunately, it will be possible to prove the non-renormalization theorem using only 
the counting of zero modes. Since this type of argument implies the pointwise vanishing of 
the integrand of the scattering amplitude (as opposed to only implying that the integrated 
amplitude vanishes), the proof remains valid if one includes the contribution of surface 
terms. 

On a surface of arbitrary genus, one needs 16 zero modes of O'^ and 6 for the amplitude 
to be non-vanishing. Since the only operators in ( p.l| ) containing 0°" zero modeaH^ are the 
eleven Yc picture-lowering operators and the Ut vertex operators, and since each Yc 
contributes a single 6*" zero mode, the Ut vertex operators must contribute at least five 6*" 
and five 6 zero modes for the amplitude to be non-vanishing. This immediately implies 
that zero-point amplitudes vanish. 



When expressed in terms of the free fields (x™", 0",Pq), H"* and da contain 0's without 
derivatives which naively could contribute 9" zero modes. But if the supersymmetric OPE's of 
( 2.11| ) are used to integrate out the non-zero worldsheet modes, the OPE's involving 11'" and da 



will never produce 6°" zero modes. 
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For one-point amplitudes, conservation of momentum implies that the external state 
must have momentum k"^ = 0. But when k"^ = 0, the maximum number of zero modes in 
the vertex operator is one ^" and one 9 coming from the superfield 

A^p{9,9) = h^rr{7'^9)^{rO)p. 

All other components in the superfields appearing in the vertex operators of ( |6.1| ) and ( |6.7| ) 
are either fermionic or involve powers of k"^. So all one-point amplitudes vanish. 

To prove that massless two and three-point amplitudes vanish for non-zero g, one 
needs to count the available zero modes of d^, as well as the zero modes of Nmn- On a 
genus g surface, non- vanishing amplitudes require 16g zero modes of da- In addition, the 
number of Nmn zero modes must be at least as large as the number of derivatives acting 
on the delta functions d{BN) in the amplitude prescription. Otherwise, integration over 
the N'^"' zero modes will trivially vanish. 

To prove the A^-point gr-loop non-renormalization theorem for N = 2 and A = 3, it is 
useful to distinguish between one-loop amplitudes and multiloop amplitudes. For massless 
A-point one-loop amplitudes using the prescription of (|5T^), there are (A — 1) integrated 
vertex operators of ( |6.7|) , each of which can either provide a d^ zero mode or an Nmn zero 
mode. So one has at most (A — 1 — M) d^ zero modes and M N^n zero modes coming 
from the vertex operators where M < A — 1 . Each of the nine Zbp operators and one Zj 
operator can provide a single d^ zero mode, so to get a total of 16 d^ zero modes, hs must 
provide at least 

16-(A-l-M)-9-l = 7-A + M (6.8) 

da zero modes. 

It is easy to verify from ( f4.29| ) that hs can provide a maximum of four d^ zero modes, 
however, the terms containing four da zero modes also contain (—1) Nmn zero modes where 
a derivative acting on S{BN) counts as a negative Nmn zero mode. This fact can easily be 
derived from the +4 engineering dimension of bs where [A", ^", x"^, da, Nmn] are defined 
to carry engineering dimension [0, |, 1, |, 2] and d^5{BN) is defined to carry engineering 
dimension —2L. Since (d)"^ carries engineering dimension -|-6, it can only appear in bs 
together with a term such as 85 (BN) which carries engineering dimension —2. 

So for A < 3 and M = 0, ( |6.8| ) implies that the only way to obtain 16 da zero modes 
is iibs provides at least four da zero modes. But in this case, bs contains (—1) Nmn zero 
modes, so the amplitudes vanish since there are not enough Nmn zero modes to absorb 
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the derivatives on 5{BN). And when M > 0, the amphtude vanishes for A^ < 3 since one 
needs more than four da zero modes to come from bs- 

For multiloop amplitudes, the argument is similar, but one now has A^ integrated 
vertex operators instead of (A^ — !)• So the vertex operators can contribute a maximum of 
(A^ — M) do, zero modes and M Nmn zero modes where M < N. And each of the 7g + 3 
Zb and g Zj operators can provide a single d^ zero mode. So to get a total of 16g d^ zero 
modes, the {3g — 3) fe^'s must provide at least 

16g - (N - M) - {7g + 3) - g = 8g - 3 - N + M (6.9) 

da zero modes. Since {3g — 3) 6b's carry engineering dimension 12g — 12, da carries 
engineering dimension |, and A'^„ carries engineering dimension +2, the {3g — 3) 6b's can 
provide a maximum of (8(7—8) da zero modes with no derivatives ofd{BN), or (8(7— 8+|M) 
da zero modes with M derivatives of S{BN). Since 

4 

8g-8+-M<8g-3-N + M (6.10) 

whenever M < A^ < 3, there is no way for the {3g — 3) 65 's to provide enough da zero 
modes without providing too many derivatives of 6{BN). 

So the A^-point multiloop non-renormalization theorem has been proven for A^ < 3. 
Note that when A^ = 4, 

8g-8+-M>8g-3-N + M (6.11) 

if one chooses M = 3 or M = 4. So four-point multiloop amplitudes do not need to vanish. 
However, as will be shown in subsection (6.4), one can prove that the low-energy limit of 
these multiloop amplitudes vanish, which implies that the R^ term in the effective action 
gets no perturbative corrections above one loop. But before proving this, it will be useful 
to see how the four-point one-loop amplitude is reproduced in the pure spinor formalism. 

6.3. Massless four-point one-loop amplitude 

The simplest non-vanishing one-loop amplitude involves four massless particles and 
can be computed using either the RNS or light-cone GS formalism. Nevertheless, it is 
interesting to see how this well-known amplitude can be derived from the super-Poincare 
covariant prescription of section 5. 

As discussed in (|6.8|), bs must provide at least (7 — A^ + M) da zero modes for the 
one-loop amplitude to be non- vanishing where A^ is the number of external states and M 
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is the number of Nmn zero modes coming from the vertex operators. Since Bb carries 
engineering dimension +4, the only way to satisfy ( |6.8| ) when A^ = 4 is if M = 1 and bs 
provides four da zero modes. In terms of the operators if "^, K°'^'^ and L"^^^ defined in 
( [4.10| ), (|4.14| ) and ( |4.18| ), the only such terms in bs are 



-H^'^{Bd)a{Bd)f}d5{BN) - \K^^'^{Bd)a{Bd)i3{Bd)^d'^5{BN) (6.12) 

4 8 

j^LL5iP^{Bd)a{Bd)fi{Bd)^{Bd)5dH{BN) 
lb 

where {Bd)^ = B^^{'ymnd)c.. 

Since all da and Nmn variables are used to absorb zero modes in this correlation 

function, the functional integral over the {9°',pa) variables and over the pure spinor ghosts 

only contributes to the four-point one-loop amplitude through the zero-mode integral 

I f d^^e I d^^d f[DX][DN] (6.13) 

' ^ jilJdj'-'^^d)iBd)a{Bd)pdd{BN) + lc'lilPN^-d,{BdUBd)0iBd),d'd{BN) 
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1 Jjl3a 



-Y^cZZ,N'^''N^'iBdUBd)p{BdUBd)sd'5{BN)) 

10 11 

H B^'^{\^^^d)5{BpN){\d)5{J) \[{Cje)5{Ci\) 

P=2 7=1 

T=2 

where the closed superstring vertex operators have been written as the left-right product 
of open superstring vertex operators as in (|6.7|) . 

Integrating over the constant spinors and tensors Cia and Sp "^ and using the formula 



of ( |5.18| ), one finds that the term in ( |6.13| ) which is independent of cl^^ and c^J^^^^ is 



proportional to 

I I d^^'e I d^'^d (er-i)«™J (6.14) 

/'^'"l'^l'^2'^3'"4^K4K5('^"^5"■5"■2'^6'^7^'«6'«7('^"^8'^8'^3'^6"^9^'t8't9('^"^10'^10"■4n7n9^Kl0Kll)) 
(f^7'^^*f^)7rsl(7pW)^(7miniC^)7(7m2n2C^)K2--(7mionio^)«iO^'^il(^'"-^^") 

Ai.M ( daW^{e)dpwi{e)ri\e) 
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f3/Q\TP1{a\ _L ^ ^X/afQ\jTTrf3i 



where the proportionaUty constant wiU not be determined here. Integrating over the da 
zero modes and performing gamma-matrix manipulations, one finds that this integral is 
proportional to 

||di6^(er-i)[(-;-f)r^..^^-)(7™p,.).,.,Ai.3(^) (6.15) 



The result of (|6.15|) can be obtained without going through the complicated gamma- 
matrix manipulations by noting that the kiK2«^3 indices on (eT~^)^ ? (^''^...^''i^) need 
to be contracted with a 7-matrix traceless combination constructed from one A^, two VF^'s, 
and one Fmn- The only possible such combination is (7mnpgr)((KiK2^K3))(^7^'^'~^)-f^'^"'- 
For this reason, the terms in ( |6.13| ) which depend on cj^l^ and c^^p^ must also give 
contributions proportional to ( |6.15| ) after integration over Cjct and Sp"^. 

Finally, one needs to include the correlation function for the x^ variables as in ( |5.6| ) 
which gives the factor 

r ^ 

/ d^^P\ exp(i7rPV + 27vi ^ {kr ■ P)tT) JJ ^(^^' tuf'^'^''\'^ (6.16) 

•^ T=l T<U 

T<U 

where G{tT,tu) = \E{tT,tu)\'^ e^^{-2'K{Im T)-^{Im tT){Im tu)). 

So up to a constant proportionality factor, the massless four-point one-loop amplitude 
is 



A= f d^ilmr)-^ I dH2 [ d% I dH^ JJ G{tT,tuf^-^'' (6.17) 

t/ O Ki O rj-i ^ T T 

\ J d'^9{er-')[l-^ll^9^K.£^^^{^^^^^^^ 

{{W2{9)'y'^'^PWs{9))J^r{9) + {Ws{9h^''PW4{9))J^I''{9) + (M^4(^)7™^W^2(^))-^|'(^))l'- 

One can easily check that ( |6.17| ) is modular invariant and has a structure similar to 
the standard expression for the four-point one-loop amplitude. But because of the gauge 
superfield Aia{9) in ( |6.17|) , A is not manifestly gauge invariant under 

SAia{9) = Dani{9). (6.18) 
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Nevertheless, one can use properties of pure spinors to show that the amphtude is in fact 
gauge invariant under ( |6.18| ). Integrating D^t by parts in the j d^^9 integral, one obtains 



Jd''e{er-')\lfll^6A^^[9PK.£P^^{^^^^^ (6.19) 

where the identity {eT~^y}^^{ = was used. To compute 

hmnp,r)iif3^D^))[{W2{e)^'^^pw,{e))j'rm. (6-20) 

note that Bianchi identities imply that D^W^ = l{Y^)JJ^st and D^J^?'^ - d^i{Y^W)a. 
But (7r)a((/37^))5 = implies that 

(7mnp7st)5((a(7"'"^'^'')/37)) = ^ud {'J'mnpqr) ((p^{Y) a))S = 0, 

SO ( |6.20| ) vanishes and A is gauge-invariant under ( |6.18| ). 

Since the four external vertex operators need to provide 5 O"^ and 5 9 zero modes 
in ( |6.17| ), this amplitude implies the presence of a one- loop R^ term in the low-energy 



effective action. To see this, note that using the left-right product language of (|6.7| ), an 
i?^ term comes from |-F^p. In the Aa{9), W'^{9) and J-'mn{9) superfields, the Fmn field 
strength is in the component 

A^{9) = ... + (^7"'"^^)(7p^)aFmn + ••., (6.21) 

W{9) = ... + (7™^)°i^mn + ..., ^mn(^) = ^mn + .... 

So if Act provides three 9 zero modes and each W" provides one 9 zero mode, one obtains an 
|F^P term from the vertex operators in ( |6.17|) . It should be straightforward to check that 
the contractions of the Lorentz indices in this |-F^P term agrees with the usual contractions 
of the one-loop R^ term in the effective action. 
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6.4- Absence of multiloop R^ contributions 

Although the four-point massless amphtude is expected to be non-vanishing at aU 
loops, there is a conjecture based on S-duality of the Type IIB effective action that R^ 
terms in the low-energy effective action do not get perturbative contributions above one- 
loop [|2^. After much effort, this conjecture was recently verified in the RNS formalism 
at two loops IP . As will now be shown, the multiloop prescription of section 5 can be 
easily used to prove the validity of this S-duality conjecture at all loops. 

It was proven using ( |6.11|) that the four-point massless multiloop amplitude vanishes 
unless at least three of the four integrated vertex operators contribute an Nmn zero mode. 
Since the only operators containing 9 zero modes are the eleven picture-lowering operators 
and the external vertex operators, the functional integral over 6 zero modes in the multiloop 
prescription for the four-point amplitude gives an expression of the form 

1 4 

d^^'eiey^d^w^ie) + -iVp^^rw) J] NmnJ'rm''- (6-22) 

T=2 

Since the external vertex operators must contribute at least 5 9°' and 9 zero modes, 
and since F"^"^ appears in the component expansions of W"^ and JF"^"^ as in ( |6.21| ), one 
easily sees that there is no way to produce an |-F^P term which would imply an R^ term 
in the effective action. In fact, by examining the component expansion of the J-'mn{9) and 
W'^{9) superfields, one finds that the term with fewest number of spacetime derivatives 
which contributes 5 6''s and 5 6''s is |(9F)(9F)F^p, which would imply a d'^R'^ contribution 
to the low-energy effective action. 

So it has been proven that there are no multiloop contributions to i?^ terms (or 
d^R'^ terms) in the low-energy effective action of the superstring. It should be noted that 
this proof has assumed that the correlation function over x"^ does not contribute inverse 
powers of k'^ which could cancel momentum factors coming from the 9 integration in 
( |6.22|) . Although the x"^ correlation function does contain poles as a function of k'^ when 
the external vertex operators collide, these poles only contribute to non-local terms in the 
effective action which involve massless propagators, and are not expected to contribute to 
local terms in the effective action such as the R'^ term. 
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